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Classical Transport Theory for a Gluon Plasma
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The classical picture of a pure gluon plasma is given and classical transport
equations for gluons in the system are derived and compared with quantum
equations for gluons and classical equations for quarks.

1. INTRODUCTION

It is predicted by lattice simulations [1] that a phase transition from a
hadron gas to a quark–gluon plasma (QGP) can occur at high temperature
and density. The estimated critical temperature for the deconfinement phase
transition is about 150 MeV, which is so high that a QGP is expected to be
formed in laboratories only through relativistic heavy-ion collisions. However,
because of the very short lifetime of the collision zone, the highly excited
quark–gluon system may spend a considerable fraction of its life in a nonther-
malized, preequilibrium state. The dynamical tool to treat dissipative proc-
esses in heavy ion collisions and the approach to local thermal equilibrium
is in principle nonequilibrium quantum transport theory. A relativistic and
quantum kinetic theory [2] for quarks and gluons has been derived based on
covariant Wigner operators. Some preliminary applications [3] to the QGP,
such as linear color response, color correlations, and collective plasma oscilla-
tions, have been discussed by using a semiclassical expansion [4] of quantum
transport theory. For the classical transport theory of QGP, there have been
some recent applications, for example, the classical kinetic theory can lead
to the “HTL” of QCD [5] and has been developed into a nonperturbative
method for not QCD [6]. In classical transport theory, where the quarks move
in a classical gluon field, the classical transport equation for quarks was
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investigated by Heinz [7]. But the classical transport equation for gluons as
classical particles as well as the classical transport theory for gluons are
rarely discussed because gluons are massless particles. In order to set up
classical transport theory for of gluons, in this paper we only consider a pure
gluon plasma system for simplicity. In Section 2 we give a classical picture
of the gluon plasma. In Section 3 we study the classical motion equations
of gluons. In Section 4 we directly derive the classical transport equations
for gluons from the equations of motion and discuss the relation between
the classical transport equations for gluons and for quarks. In Section 5 we
discuss the relation between the classical and the quantum transport equations
for gluons.

2. CLASSICAL PICTURE FOR A GLUON PLASMA

In order to develop a classical transport theory of gluons, we consider
a pure gluon plasma system and first give a classical picture of the system.
In the classical model of a quark–gluon plasma, a quark is thought of as a
classical relativistic particle moving in a gluon field. The gluon field includes
the external field and the self-consistent field which is excited by the collective
motion of other quarks in the plasma. A gluon is a particle with color charge
and similar to a quark in being point-like. Therefore in the classical picture
of the gluon plasma, a gluon is treated as a relativistic colored particle with
covariant coordinate xm, momenta pm 5 ẋm (ẋm 5 dxm/dt, t is the proper
time), and color charges Qa. For simplicity, the gluon spin is neglected here.
The system is described by the one-particle distribution function f (x, p, Q)
for gluons, which denotes the probability to find a classical gluon at a given
point (x, p, Q) in phase space.

There are interactions among the gluons since the gluon is a colored
particle. In QCD, there are three-gluon and four-gluon interaction vertices.
In the classical picture of a gluon plasma, the three-gluon interaction and the
four-gluon interaction remain. The plasma is produced at high temperature,
and the collisions between gluons are very fast. In transport theory, three-
body collision is generally ignored. Hence we do not consider three-gluon
collision here. There are three-gluons interactions, where a two-gluon colli-
sion can produce one gluon so that the number of gluons is not conserved
in the collision. This differs from the size for quarks because an elastic
two-quark collision cannot produce one quark. In the process of two-gluon
collision, gluon momentum and energy are conserved. Hence the momentum
and energy of the system are conserved due to collisions of gluons.

Using the one-particle distribution function, we can get an ensemble
average value of physical quantities. The gluon number current is defined by
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nm 5 # pmf (x, p, Q) dP dQ (1)

where dP 5 2u( p0) d( p2) d 3p/(2p)3, dQ 5 d(QaQa 2 q2) d(dabcQaQbQc 2
q3) d 8Q. Here n0 5 * f d 3p/(2p)3 dQ is the number density of gluons. The
color current is defined by

jma 5 # Qapmf (x, p, Q) dP dQ (2)

The color current can excite a self-consistent field which satisfies the color
Maxwell equation

­mFmn
a 5 jna (3)

The energy-momentum tensor is defined as

Tmn 5 # pmpnf (x, p, Q) dP dQ (4)

In the above equation, T 00 5 * p0f d 3p dQ/(2p)3 is the energy density of the
gluon plasma, and P(x) 5 T ij dij 5 * pf d 3p dQ/(2p)3 is the pressure of
gluons in the direction of motion.

3. CLASSICAL EQUATIONS OF MOTION FOR GLUONS

In the section, we study the classical equations of motion for gluons.
In a gluon plasma, gluons interact with other gluons in a very complex
manner. For simplicity, we use the mean-field method and consider the
interactions in terms of gluons interacting with a self-consistent field excited
by other gluons in the plasma, or the gluon moves in an excited gauge field.
With the same method as used for dealing with quarks in ref. 8, the equations
of motion for gluons can be derived from the classical limit of relativistic
quantum mechanics. As proposed by Fock and Schwinger [9], the invariant
quantum equations of motion are determined by the Heisenberg equation in
the proper-time representation,

Ȧ 5
dA
dt

5 i[H, A] (5)

where H is the Hamiltonian of the system. In relativistic quantum mechanics,
a gluon satisfies the homogeneous Yang–Mills equations in the color
chargeless region,

DmFmn 5 0

DmFnl 1 DlFmn 1 DnFlm 5 0 (6)
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where Fmn 5 2Fmn
a Qa is the field tensor, Qa 5 2la/2 the color charge, and

Dm 5 ­m 2 igAm the covariant derivative. With the definitions F0i 5 Ei and
Fij 5 ejikBk , Eqs. (6) can be rewritten as

D0Ei 1 D jejik Bk 5 0

D0eijk Bk 1 Dj Ei 2 Di Ej 5 0 (7)

We introduce a two-component vector and g matrices

c 5 1
›

E
i

›
B2, (Si)jk 5 (2iei)jk, g0 5 1I 0

0 2I2,
›

g 5 1 0
›

S
2

›
S 02

(8)

The Yang–Mills equations are now compactly written as a Dirac-like equation

igmDmc 5 0 (9)

Unlike Abelian fields, which satisfy the Maxwell equation ­mFmn 5 0, the
covariant derivative in Eq. (9) reflects the non-Abelian character of gluons.
In this equation, c represents the gluon under consideration and Am in the
covariant derivative Dm denotes the self-consistent field excited by other
gluons.

Therefore, according to the proposal by Nambu [10], the Hamiltonian
describing the evolution of gluons in Eq. (5) can be taken as

H 5 igmDm (10)

By substituting the Hamiltonian (10) into Eq. (5), we obtain the classical
equations of motion

ṗm 5 gẋnFnm 5 gF a
mnpnQa

Q̇a 5 2gfabc pmAb
mQc (11)

The equations of motion are the are same as the classical equations of
motion for quarks [2] when the spin of the quarks is neglected. Why are
they same? In the classical transport theory of QGP, a quark moves in a
gluon field. The interaction vertex between a quark and a gluon is the
interaction of a vector and a color current. In the gluon plasma, when the
Yang–Mills equations are written as a Dirac-like equation, the vertex of the
gluon and the self-consistent field is similar to the case of quarks. Since the
interactions have the same form, the motion has the same character. In QCD,
the three-gluon interaction is proportional to the coupling constant g and the
four-gluon interaction is proportional to g2. So the probability to produce
one gluon in a two-gluons collision is larger than that to produce two gluons
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in the perturbative region. In the classical theory of the gluon plasma the
case is the same because in the Dirac-like equation the interaction of a vector
and a color current is the classical analogue of the three-gluon interaction,
not including the four-gluon interaction.

4. CLASSICAL TRANSPORT EQUATION FOR GLUONS

The gluon plasma exists in a nonequibrium state generally, and the
distribution function evolves with space-time. In a relativistic kinetic theory,

df
dt

5 ẋm ­f
­xm 1 ṗm ­f

­pm 1 Q̇a ­f
­Qa 5 C(x, p, Q) (12)

where t is the proper time, C(x, p, Q) is the collision term describing short-
range two-body collisions, and ṗ and Q̇ satisfy the classical equations of
motion for the gluons of the last section. Then the classical transport equation
for the gluons is

pm­m f (x, p, Q) 5 gpmF a
mnQa ­n

p f (x, p, Q)

1 gfabc pmAb
mQc ­a

Q f (x, p, Q) 1 C(x, p, Q) (13)

The symbols ­n
p and ­a

Q indicate the momentum and charge derivatives ­/­pn

and ­/­Qa, respectively.
Both gluons and quarks carry color charges; what are the transport

properties between them? The classical transport equation for quarks is [8]

pm ­m f (x, p, Q, S)

5 FgQapmF a
mn 2

g
2

(DnSabFab)aQaG­n
p f (x, p, Q, S)

2 FgQa(F a
mlSl 1

1
m3 ( pmSn 2 pnSm)(DnFab)apaSb)G ­m

S f (x, p, Q, S)

1 Fgfabc( pmAb
m 1

1
2

SabF b
ab)QcG ­a

Q f (x, p, Q, S) 1 C(x, p, Q, S) (14)

When the spin effect of quarks is ignored, Eq. (14) is greatly simplified as

pm­m f (x, p, Q) 5 gpmF a
mnQa ­n

p ḟ (x, p, Q)

1 gfabc pmAb
mQc ­a

Q f (x, p, Q) 1 C(x, p, Q) (15)

which is the same as the classical transport equation (13) for the gluon
distribution function. Therefore Eq. (15) can be regarded as a general transport
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equation for any classical colored particle. In the semiclassical limit of quan-
tum transport theory, one finds that the semiclassical transport equation for
gluons has a similar space-time-structure as that for quarks [2] when the spin
effect of quarks is neglected even through their Wigner functions are not the
same because the Wigner function of a gluon is an 8 3 8 matrix in the
adjoint representation space of the SU(3) group and the Wigner function of
a quark is a 3 3 3 matrix in the fundamental representation space of the
SU(3) group. This implies that the classical transport equation for gluons
should have the same form as that for quarks. That the classical transport
equations for glons and for quarks are the same indicates that the classical
theory is consistent with the quantum theory.

In Section 2, we defined the color current jma and the energy-momentum
tensor Tmn. Due to the conservation of the color current and of the energy-
momentum of the system, we can prove using the classical transport equation
for gluons that

Dm jma 5 0 (16)

­mTmn 5 0 (17)

For the comparison in the next section with the quantum transport
equations, we further consider the color moments of the kinetic equation.
Defining the color moments

f 0(x, p) 5 # f (x, p, Q) dQ

(18)

f a(x, p) 5 # Qaf (x, p, Q) dQ

and integrating Eq. (13) over the color charge Q, we obtain the classical
transport equation

pm­m f 0(x, p) 5 gpmF a
mn ­n

p f a(x, p) 1 C0(x, p) (19)

for the color-singlet distribution f 0, where C0(x, p) 5 * C(x, p, Q) dQ is the
zeroth-order moment of the collision term C(x, p, Q). Timing Eq. (13) by
Qa, then integrating it over the color charge Q, we obtain

pm­m f a(x, p) 5 gpmF b
mn ­n

p f ab(x, p) 2 gfabc pmAb
m f c(x, p) 1 Ca(x, p) (20)

for the color-octet distribution f a, where Ca(x, p) 5 * QaC(x, p, Q) dQ is the
first-order moment of the collision term and f ab 5 * QaQbf (x, p, Q) dQ is
the second-order moment of the distribution function f (x, p, Q).



Classical Transport Theory for a Gluon Plasma 2519

5. COMPARISON WITH QUANTUM TRANSPORT EQUATIONS
FOR GLUONS

For a quantum QGP system the behavior of gluons is described by the
gluon Wigner operator. In the general case the quantum kinetic equation is
very complicated and needs to be simplified before applications can be made.
In mean-field approximation the function Gmn, which is the ensemble average
of the Wigner operator fluctuation, satisfies the following covariant kinetic
equation [2]:

prDrGmn(x, p)

5
g
2

ps­t
p #

1

0

ds {[esDFst, Gmn]L 1 [Gmn, e2sDFst]R}

1
ig
4

­t
p #

1

0

ds s{[esDFts, DsGmn]L 2 [DsGmn, e2sDFts]R}

1
ig2

8
­s

p­t
p #

1

0

ds s #
1

0

ds {[esDFsh, [esDFh
t , Gmn]L 1 [Gmn, e2sDFh

t ]R]L

2 [[esDFh
t , Gmn]L 1 [Gmn, e2sDFh

t ]R , e2sDFsh]R}

1 g{[eDFml, Gl
n]L 2 [Gml, e2DFl

n]R} (21)

where s, s are the variables of the integral and [O, A ^ B]L [ [O, A] ^ B
and [A ^ B, O]R , [ A ^ [B, O] are left and right commutators, respectively.
Since Gmn is a matrix in color space, due to the relation between the color
charges and the Gell-Mann matrices, Qa 5 21–2 la , there exist in Eq. (21)
commutators and anticommutators defined in color space. The triangle opera-
tor D is defined as D 5 (i/2)Dm ­m

p , where the momentum derivative ­m
p acts

only on the function Gmn. In order to better understand the structure of the
kinetic equation, we consider its expansion in the triangle operator D. Note
that since each triangle operator is accompanied by an a ", the D expansion
is equivalent to a semiclassical expansion in ". To first order in D and
keeping only first-order derivatives of Gmn, the mean-field kinetic equation
(21) becomes

prDrGmn(x, p)

5
g
2

ps­t
p{[Fst, Gmn]L 1 [Gmn, Fst]R} 1 g{[Fml, Gl

n]L 2 [Gml, Fl
n]R}

1
ig
2

{[DsFml, ­s
pGl

n]L 1 [­s
pGml, DsFl

n]R} (22)
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In order to compare with the classical transport equations derived in the last
section, we insert the decomposition of Gmn and Fmn in color space,

Gmn(x, p) 5 Gab
mn

la

2
^

lb

2

Fmn(x) 5 F a
mn

la

2
(23)

into Eq. (22); then the color component Gab
mn satisfies the kinetic equation

pr­pGab
mn 2 iprAc

r(2if cad)Gdb
mn 1 iGad

mnprAc
r(2if cdb)

5
g
2

ps ­t
pF d

st[(2if dac)Gcb
mn

1 Gac
mn(2if dcb)] 1 g[F c

ml(2if cad)(Gl
n)db 2 (Gml)adFlc

n (2if cdb)]

1
ig
2

[­sF c
ml(2if cad)(­s

pGl
n)db 1 f ehcAe

sF h
ml(2ifcad)(­s

pGl
n)db

1 (­s
pGad

ml) ­sFlc
n (2if cdb) 1 (­s

pGad
ml) f ehcAe

s(Fl
n)h(2if cdb)] (24)

With the definitions (F a)bc 5 (2if a)bc, Fst 5 F a
stF a, Dr 5 ­r 2 iAc

rF c, and
DrQ 5 ­rQ 2 i[Ar, Q], the above equation can be compactly written as

prDrGmn 5
g
2

ps ­t
p{Fst, Gmn} 1 g(FmlGl

n 2 GmlFl
n)

1
ig
2

[(DsFml) ­s
pGl

n 1 ­s
pGml(DsFl

n)] (25)

for the 8 3 8 matrix Gmn 5 {Gab
mn} in the adjoint representation of the SUc(3)

group. Since Gmn is reducible, it can be decomposed in the following way:

Gmn 5 G0
mn

I
8

1 Ga
mn

F a

3
1 ??? (26)

where the one-dimensional and eight-dimensional representations G0
mn and

Ga
mn correspond to the color singlet and color octet, respectively. Performing

the trace in color space for the kinetic equation (25) multiplied by gmn, we
obtain the kinetic equation

pr ­rG0 5 gpsF a
st ­t

pGa 1 ig(DsFml)a ­s
pGlm

a (27)

for the color singlet G0 5 Tr(gmnGmn), which is coupled to the color octet
Ga 5 Tr(gmnGmnF a) and Glm

a 5 Tr(gmnGl
nF a). As is well known, an important

aspect of the covariant approach to transport theory is that the complex kinetic
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equation can be split into a transport and a constraint equation, where the
former is a covariant generalization of the Vlasov–Boltzmann equation and
the latter is a quantum extension of the classical mass-shell condition. In
the current case the complex kinetic equation (27) is separated into the
transport equation

pr­rG0 5 gpsF a
st ­t

pGa (28)

and the constraint equation

(DsFml)a ­s
pGlm

a 5 0 (29)

for the color singlet: Using a similar calculation for the kinetic equation (25)
multiplied by gmnF a, we obtain a complex kinetic equation for the color octet
which consists of a real part

pr ­rGa 5 gpsF b
st ­t

pGab 2 gfabc pmAb
mGc (30)

and an imaginary part

fabcF b
mlGlm

c 1
3
8

(DsFml)a ­s
pGlm

0 5 0 (31)

where Gab is given by the definition Gab 5 Tr(gmnGmn{F a, F b/2) 5 3–8 G0 dab.
It is easy to see that the transport equations derived here by considering the
classical limit of the quantum kinetic equation are the same as those obtained
directly from the classical equations of motion in the last section, except for
the collision terms, which are associated with the higher order derivative
terms. The significant difference is that the quantum kinetic equation deter-
mines not only the transport properties by the real part, but also the spectral
functions by the imaginary part, while the approach discussed in the last
section gives only the transport equations.

6. SUMMARY

We have given a classical picture of a pure gluon plasma, and have
studied the classical equations of motion and the transport equation for gluons.
There are two ways to set up transport equation for a classical system. One
is directly from the classical equations of motion, the other is from the
classical limit of the corresponding quantum kinetic equations. We have
investigated the relation between these two approaches for the gluons in a
quark–gluon plasma. From our derivation the two ways approaches are for
the transport equations, but the quantum theory can give an extra constraint
which determines the spectral function of the particles. We have also shown
that at the classical level the quarks and gluons satisfy the same transport
equation.
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